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We study the Hall conductance of a Chern insulator after a global quench of the Hamiltonian.
The Hall conductance in the long time limit is obtained by applying the linear response theory to the
diagonal ensemble. It is expressed as the integral of the Berry curvature weighted by the occupation
number over the Brillouin zone. We identify a topologically driven nonequilibrium phase transition,
which is indicated by the nonanalyticity of the Hall conductance as a function of the energy gap
mf in the post-quench Hamiltonian Hˆf . The topological invariant for the quenched state is the
winding number of the Green’s function W , which equals the Chern number for the ground state of
Hˆf . In the limit mf → 0, the derivative of the Hall conductance with respect to mf is proportional
to ln |mf |, with the constant of proportionality being the ratio of the change of W at mf = 0 to the
energy gap in the initial state. This nonanalytic behavior is universal in two-band Chern insulators
such as the Dirac model, the Haldane model, or the Kitaev honeycomb model in the fermionic basis.
I. INTRODUCTION
The notions of topological order and topological invari-
ant were introduced into condensed matter physics for
classifying certain states of matter that cannot be classi-
fied by broken symmetries. Their change in the ground
state of a system is accompanied by a topological phase
transition. It is well known that the topological order or
the topological invariant are robust against local pertur-
bations to the Hamiltonian. But it is not clear whether
they are also robust against a global quench of the Hamil-
tonian, and what is the proper way of defining them in
a quenched state far from equilibrium. Recently, these
questions drew attention1–19 due to their relevance with
the implementation of topological quantum computing.
Suppose that the system is initially in the ground state
of the Hamiltonian Hˆi. At the time t = 0, the Hamil-
tonian is suddenly changed from Hˆi to Hˆf . The system
is then driven out of equilibrium, and the wave function
evolves unitarily. In the toric code model, the topological
entropy of the unitarily-evolving wave function is found
to keep invariant1–3 after a quench. In general, the long-
range entanglement in a wave function cannot be changed
by local unitary transformations20. Therefore, the topo-
logical entropy of the unitarily-evolving wave function
keeps a constant if Hˆf has no long-range interaction.
Similarly, the Chern number of the unitarily-evolving
wave function in a Chern insulator4–6 is found to be in-
dependent of Hˆf . If one chose it as the topological order
parameter of the quenched state, the topological order
would be always robust against a quench of the Hamil-
tonian.
However, in the p-wave superfluid or the s-wave su-
perfluid with spin-orbit coupling, the winding number of
the Green’s function depends on both Hˆi and Hˆf
7–10.
And in the topological superconductor with proximity-
induced superconductivity, the topological properties of
the quenched state were argued to be Hˆf -dependent
11–13.
When the initial state is in a topologically nontrivial
phase, the quenched state in the long time limit is in
the trivial (nontrivial) phase if the ground state of Hˆf is
in the trivial (nontrivial) phase. This conclusion is sup-
ported by the study of the Majorana order parameter11,
the entanglement spectrum12 and the dynamics of edge
states13. Especially, in the thermodynamic limit, the sur-
vival probability of the Majorana edge modes decays to
a finite value if the quench is within the same topological
phase. But it decays to zero if the quench is across the
phase boundary13.
Up to now, the definition of the topological order pa-
rameter in a quenched state is ambiguous. Different
topological invariants which are equivalent in a ground
state might be dramatically different in a quenched state.
This is clearly demonstrated in the p-wave superfluid8, in
which the winding number of the Anderson pseudo spin
texture is independent of Hˆf but that of the Green’s
function is Hˆf -dependent. It is then necessary to study
which topological invariant is experimentally relevant.
The order parameter is defined to distinguish different
phases at a phase transition. A phase transition can be
indicated in an experimentally-relevant way by the non-
analyticity of the observables. And the topological invari-
ant was introduced to explain phase transitions that are
beyond the conventional framework of symmetry break-
ing. For example, the Chern number21 was introduced
in the quantum Hall effect22 to explain the jump of the
Hall conductance at some magnetic fields. Following this
logic, we study the phase transitions in the quenched
states, which are indicated by the nonanalyticity of a
measurable observable as a function of the parameters
of the quenched state, i.e., the parameters in Hˆi or Hˆf .
The experimentally-relevant topological invariant for the
quenched state is defined in such a way that its change
accompanies the phase transition.
2A topologically driven phase transition in the quenched
state has been argued to exist in the one-dimensional
superfluid with spin-orbit coupling, in which the super-
fluid order parameter and the tunneling conductance at
the edge were calculated numerically10. However, un-
ambiguous evidence for the nonanalyticity of observables
cannot be obtained from the numerics. In this paper, we
study the quenched state of a Chern insulator. We argue
that the Hall conductance in the long time limit after
the quench can be expressed as the integral of the Berry
curvature weighted by the occupation number over the
Brillouin zone. In a generic two-band Chern insulator,
the Hall conductance is not quantized, but is a contin-
uous function of the energy gap mf in the post-quench
Hamiltonian Hˆf . However, the derivative of the Hall con-
ductance with respect to mf is logarithmically divergent
in the limit mf → 0 if the Chern number for the ground
state of Hˆf changes at mf = 0. And the prefactor of
the logarithm is the ratio of the change of the Chern
number to the energy gap in the initial state. We strictly
prove this statement by relating the nonanalyticity of the
Hall conductance to the spectrum of Hˆf nearby the gap
closing point in the Brillouin zone. The experimentally-
relevant topological invariant for the quenched state is
the winding number of the Green’s function, which is
equal to the Chern number for the ground state of Hˆf
but is generally different from the Chern number of the
unitarily-evolving wave function. We then identify a
nonequilibrium phase transition in the quenched state,
which has a topological nature in the sense that the non-
analyticity is determined by the change of the topological
invariant at the transition. The nonanalytic behavior of
the Hall conductance is universal, being independent of
the symmetry of the model or local perturbations to Hˆi
and Hˆf . Our findings serve as a benchmark in the future
study of the topologically driven phase transitions in the
quenched states.
The contents of the paper are arranged as follows. We
derive the formula for the quench-state Hall conductance
in a N -band Chern insulator in Sec. II, and show its form
in a two-band Chern insulator in Sec. III. In Sec. IV, we
apply our formalism to three models, namely the Dirac
model, the Haldane model, and the Kitaev honeycomb
model. We discuss how to address the nonanalytic be-
havior of the Hall conductance. In Sec. V, we extend to
a general two-band Chern insulator and prove the uni-
versal nonanalytic behavior of the Hall conductance. We
discuss the topological invariant for the quenched state
in Sec. VI. At last, a concluding section summarizes our
results.
II. HALL CONDUCTANCE OF THE
QUENCHED STATE
Let us consider a N -component Fermi gas in two di-
mensions. Its Hamiltonian in momentum space is written
as
Hˆ =
∑
~k
cˆ†~kH~k cˆ~k, (1)
where cˆ~k =
(
cˆ~k1, cˆ~k2, · · · , cˆ~kN
)T
is the fermionic opera-
tor. i = 1, 2, · · · , N might denote the spin of electrons,
the sublattice index in the case of a honeycomb lattice or
the internal state of atoms. The single-particle Hamilto-
nian H~k has N eigenvalues, which form N energy bands,
respectively. If the Fermi energy lies within the band gap,
the bands lower than the Fermi energy are fully occupied
in the ground state, but those above the Fermi energy
are empty. The Chern number of the ground-state wave
function is defined as (see an introduction of the Chern
number in Ref. [23])
C =
i
2π
∑
α∈oc
∫
d~k2
(〈
∂u~kα
∂kx
∣∣∣∣ ∂u~kα∂ky
〉
−H.c.
)
, (2)
where |u~kα〉 is the eigenvector ofH~k with α = 1, 2, · · · , N
denoting the different bands. The sum of α is over all the
occupied bands, and the integral with respect to ~k is over
the Brillouin zone. The Chern number is a topological
invariant, which is robust against a local deformation of
the Hamiltonian and can only take an integer value.
The Chern number describes the topological property
of the ground-state wave function. In the celebrated pa-
per by Thouless et al.21, the Chern number is related to
the Hall conductance σGH as
σGH = Ce
2/h. (3)
The Chern number for the ground state is then a mea-
surable physical quantity. Or one can say that the Hall
conductance is the topological order parameter of the
ground state. When the Chern number is nonzero, the
Fermi gas displays a quantum Hall effect even if there
is no net magnetic field24. The system is then called a
Chern insulator.
Suppose that the system is initially in the ground
state of Hˆi, before the Hamiltonian is quenched into
Hˆf . The system is then driven out of equilibrium,
and the wave function follows a unitary time evolution
|Ψ(t)〉 = e−iHˆf t|Ψ(0)〉, where |Ψ(0)〉 denotes the ground
state of Hˆi. In a few paradigmatic models
4–6, the Chern
number of the unitarily-evolving wave function is shown
to be a constant, being independent of the post-quench
Hamiltonian Hˆf . If one chooses it as the topological
order parameter of the quenched state, the topological
order is always robust against a quench of the Hamil-
tonian. However, the Chern number of the unitarily-
evolving wave function cannot be directly measured. To
address the topological order parameter of the quenched
state in an experimentally relevant way, we study a mea-
surable quantity - the Hall conductance. In the quenched
state, the Hall conductance must be distinguished from
the Chern number.
3We notice that the Hall conductance cannot be ex-
pressed as the expectation value of a local operator with
respect to the unitarily-evolving wave function |Ψ(t)〉. In-
stead, it is the long-time response of the system to an ex-
ternal electric field in linear response theory25. This fact
is related to the observation that measuring the Hall con-
ductance unavoidably introduces decoherence and there-
fore in the long time limit the system cannot be described
by the unitarily-evolving wave function any more. In-
stead, the system should be described by the diagonal
ensemble26. If the expectation value of an observable Oˆ
after the quench relaxes to some steady value, it must be
equal to its time average:
lim
t→∞
O(t) = lim
T→∞
1
T
∫ T
0
dt〈Ψ(t)|Oˆ|Ψ(t)〉. (4)
We insert the eigenbasis of Hˆf in the right-hand side.
In the limit T → ∞, the off-diagonal terms of Oˆ are
averaged out26, we then have
lim
t→∞
O(t) =
∑
E
|〈E|Ψ(0)〉|2〈E|Oˆ|E〉
= Tr[Oˆρˆ],
(5)
where |E〉 is the eigenstate of Hˆf and ρˆ is diagonal in
the basis |E〉 with the diagonal elements |〈E|Ψ(0)〉|2.
The diagonal ensemble ρˆ is obtained by dropping the
off-diagonal terms in the initial density matrix. This is
equivalent to considering the decoherence effect. Even
though Eq. (5) is based on the hypothesis of non-
degenerate eigenenergies, the diagonal ensemble is also
applicable in many integrable quantum systems27,28.
Based on the above argument, the Hall conductance
of the quenched state should be calculated in the diago-
nal ensemble. Let us represent an arbitrary many-body
eigenstate of Hˆf by |{z~kα}〉, where z~kα = 1, 0 denotes
whether the single-particle state |uf~kα〉 is occupied or not,
respectively. Note that |uf~kα〉 is the eigenvector of the
post-quench single particle Hamiltonian Hf~k . The diago-
nal ensemble can be written as
ρˆ =
∑
{z~kα}
p({z~kα})|{z~kα}〉〈{z~kα}|, (6)
where p({z~kα}) = | 〈{z~kα}|Ψ(0)〉 |2 and the sum is over
all the possible occupation configurations.
Now let us suppose a system located in the x-y plane
with its density matrix being ρˆ. ρˆ is stationary in the
sense that [ρˆ, Hˆf ] = 0. Therefore, we can use the lin-
ear response theory to calculate the Hall conductance by
simply replacing the thermal ensemble by ρˆ. In the lin-
ear response theory25, we suppose that an infinitesimal
electric field is switched on in the x-direction, and then
the current in the y-direction is measured after infinitely
long time. The current is proportional to the electric field
strength with the constant of proportionality defined as
the Hall conductance. The Hall conductance can be ex-
pressed by the current-current correlation as
σH = lim
ω→0
1
Sω
∫ ∞
0
dteiωtTr
(
ρˆ
[
Jˆy, Jˆx(t)
])
, (7)
where ω denotes the frequency of the electric field and the
limit ω → 0 corresponds to the dc-conductance, and S
denotes the area of the system. Jˆx and Jˆy are the current
operators in the x- and y-directions, respectively. They
are written as
Jˆx/y = e
∑
~k
cˆ†~k
∂Hf~k
∂kx/y
cˆ~k. (8)
Since both the Hamiltonian and the current operator are
quadratic, we can reexpress the Hall conductance by us-
ing the single-particle states as
σH = lim
ω→0
1
Sω
∫ ∞
0
dteiωt
∑
~k,α
n~kα〈uf~kα|
[
Jˆy~k
, Jˆx~k (t)
]
|uf~kα〉,
(9)
where the momentum-resolved current operator is a N -
by-N matrix, defined as Jˆ
x/y
~k
= e
∂Hf~k
∂kx/y
. The occupa-
tion number n~kα is related to the probability function
p({z~kα}) by n~kα =
∑
{z~k′α′} p({z~k′α′})δz~kα,1. In Eq. (9)
the sum of α is over all the energy bands.
When calculating the integral with respect to t in
Eq. (9), one can insert a factor e−η|t| into the integrand
with η being an infinitesimal number. The integral then
becomes convergent. Because the dc Hall conductance
must be a real number, we keep the real part of σH ,
but neglect the imaginary part. The Hall conductance
becomes
σH =
−ie2
S
∑
~k,α,β
n~kα
(ǫ~kα − ǫ~kβ)2
×
[
〈uf~kα|
∂Hf~k
∂ky
|uf~kβ〉〈u
f
~kβ
|
∂Hf~k
∂kx
|uf~kα〉 −H.c.
]
,
(10)
where ǫ~kα denotes the eigenvalue of Hf~k in the band α.
In thermodynamic limit,
∑
~k is replaced by
S
(2π)2
∫
d~k2.
By using the relation Hf~k =
∑
α ǫ~kα|uf~kα〉〈u
f
~kα
|, we finally
express the Hall conductance as
σH =
e2
h
i
2π
∑
α
∫
d~k2n~kα
(〈
∂uf~kα
∂kx
∣∣∣∣∣
∂uf~kα
∂ky
〉
−H.c.
)
.
(11)
We choose e2/h as the unit of conductance. The dimen-
sionless Hall conductance Cneq = σH/(e
2/h) is expressed
as
Cneq =
i
2π
∑
α
∫
d~k2n~kα
(〈
∂uf~kα
∂kx
∣∣∣∣∣
∂uf~kα
∂ky
〉
−H.c.
)
.
(12)
4This formula of Hall conductance stands for the
quenched states in general Fermi gases, in which the in-
teraction between fermions is neglected. We notice that a
Kubo formula calculation by Dehghani, Oka and Mitra29
derived the similar formula in a different way for Floquet
topological states. Comparing Eq. (12) with Eq. (2), we
see the difference between the quench-state Hall conduc-
tance and the ground-state Chern number. In the inte-
grand of Eq. (12), the Berry curvature is weighted by the
occupation number n~kα, and the sum of α is over all the
bands. In the special case of Hˆi = Hˆf (no quench), the
occupation is either 0 for an empty band or 1 for a fully
occupied band, and then the Hall conductance reduces to
the Chern number. But for Hˆi 6= Hˆf , no bands are fully
occupied or completely empty. n~kα changes continuously
with the momentum ~k. The integrand of Eq. (12) cannot
be expressed as the curl of some function in the Brillouin
zone, so that Cneq is not quantized, but can take an ar-
bitrary value. This is different from the Chern number
C, which must be an integer.
III. QUENCH-STATE HALL CONDUCTANCE
IN A TWO-BAND CHERN INSULATOR
Eq. (12) gives the Hall conductance of the quenched
states in N -component Fermi gases. Next we discuss the
case of N = 2, in which the Hall conductance can be
conveniently expressed as a function of the parameters
in Hˆi and Hˆf by utilizing the properties of the SU(2)
algebra.
In a two-component Fermi gas, the single-particle
Hamiltonian can always be decomposed into
H~k = ~d~k · ~σ, (13)
where ~σ = (σx, σy, σz) denote the Pauli matrices. There
might be an additional constant in the expression of H~k;
however, the constant term has no effect on the eigenvec-
tors, and, thus, does not contribute to the Hall conduc-
tance. The Hall conductance is only determined by the
coefficient vectors ~d~k = (d1~k, d2~k, d3~k) in the initial and
post-quench Hamiltonians.
The two eigenvalues of H~k are ±d~k with
d~k =
√
(d1~k)
2 + (d2~k)
2 + (d3~k)
2. (14)
The system has two bands, namely the lower band corre-
sponding to the negative eigenvalue and the upper band
corresponding to the positive eigenvalue. There is a gap
between the two bands if we have d~k 6= 0 everywhere in
the Brillouin zone.
We set the chemical potential to zero, in which case
the lower band is fully occupied but the upper band is
empty. The Chern number of the ground state is written
as
C =
i
2π
∫
d~k2
(〈
∂u~k−
∂kx
∣∣∣∣ ∂u~k−∂ky
〉
−H.c.
)
, (15)
where |u~k−〉 denotes the eigenvector of H~k with the neg-
ative eigenvalue. The Chern number can be expressed by
using the coefficient vector as23
C =
∫
d~k2
(
∂ ~d~k
∂kx
× ∂
~d~k
∂ky
)
· ~d~k
4πd3~k
. (16)
The Chern number usually keeps invariant as the Hamil-
tonian changes. But at some special points of the pa-
rameter space, the energy gap closes (d~k = 0) somewhere
in the Brillouin zone. The Chern number then has a
jump, which indicates a topological phase transition in
the ground state.
We quench the Hamiltonian from Hi~k = ~d
i
~k
· ~σ to
Hf~k = ~d
f
~k
· ~σ, and then calculate the Hall conductance
in the quenched state. The eigenvectors of Hi/f~k with the
positive and negative eigenvalues are denoted by |ui/f~kα 〉
with α = ±, respectively. The momentum ~k is a good
quantum number in both the initial and the post-quench
Hamiltonians. Therefore, the occupation number is sim-
ply expressed as
n~kα = |〈uf~kα|u
i
~k−〉|
2, (17)
where |ui~k−〉 is the initial state according to our protocol.
The total occupation at each ~k is conserved, satisfying
n~k+ + n~k− ≡ 1. (18)
In fact, the occupation number evaluates
n~k± =
1
2
∓ 1
2
~df~k
· ~di~k
df~k
di~k
, (19)
where d
i/f
~k
is the length of the coefficient vector ~d
i/f
~k
.
~df~k
· ~di~k
df~k
di~k
is called the occupation factor, which is just the
cosine of the angle between the initial and the post-
quench coefficient vectors.
In the two-band Chern insulator, the Berry curvatures
in the lower and upper bands are opposite to each other
everywhere in the Brillouin zone23. We have
i
2π

〈∂uf~k±
∂kx
∣∣∣∣∣∣
∂uf~k±
∂ky
〉
−H.c.

 = ∓C~k, (20)
where
C~k =
(
∂ ~df~k
∂kx
×
∂ ~df~k
∂ky
)
· ~df~k
4π(df~k
)3
. (21)
5Substituting Eq. (19) and Eq. (21) into Eq. (12), we de-
termine the Hall conductance as
Cneq =
∫
d~k2
(
~df~k
· ~di~k
)(∂ ~df~k
∂kx
×
∂ ~df~k
∂ky
)
· ~df~k
4πdi~k
(df~k
)4
, (22)
where the integral is over the Brillouin zone.
IV. NONANALYTIC BEHAVIOR OF THE HALL
CONDUCTANCE IN THE DIRAC MODEL, THE
HALDANE MODEL AND THE KITAEV
HONEYCOMB MODEL
Suppose that there is a tunable parameter in the
Hamiltonian (13), namely M without loss of generality
(the physical meaning ofM will be demonstrated in next
section). The vector ~d~k is a function of M . We use Mi
to denote the free parameter in the initial Hamiltonian,
and Mf to denote that in the post-quench Hamiltonian.
Every pair (Mi,Mf ) determines a quenched state. We
further suppose that the initial state (or Mi) is fixed.
The quench-state Hall conductance Cneq is then a func-
tion of Mf . If the function Cneq(Mf) is nonanalytic at
some point, namely at Mf = M
c
f , we say that there is a
nonequilibrium phase transition at Mf =M
c
f . The term
“nonequilibrium phase transition” comes from the fact
that this phase transition happens in the quenched state
which is far from equilibrium.
Let us discuss why Cneq(Mf ) can be nonanalytic. In a
generic model, ~d
i/f
~k
is an analytic function of ~k andMi/f .
According to Eq. (22), both numerator and denominator
of the integrand are analytic functions. The denominator
is the product of di~k and (d
f
~k
)4. The former is nonzero
everywhere in the Brillouin zone, since the initial state is
usually chosen to be a gapped state. ButMf is a variable.
We use M cf to denote the point at which the energy gap
in the post-quench Hamiltonian closes. At Mf 6=M cf , df~k
is nonzero at each ~k. Therefore, the integrand in Eq. (22)
is an analytic function of ~k and is bounded everywhere
in the Brillouin zone. Cneq is then analytic at Mf 6=
M cf . However, at Mf =M
c
f , the energy gap of Hˆf closes
somewhere in the Brillouin zone, namely at ~k = ~q without
loss of generality. We then have df~q = 0. The integrand
in Eq. (22) is divergent at ~k = ~q. We expect Cneq(Mf )
to be nonanalytic at Mf =M
c
f . It is worth emphasizing
that the nonanalyticity of Cneq(Mf ) can only be found at
the gap closing points of the post-quench Hamiltonian,
at which the Chern number for the ground state of Hˆf
changes.
In this section we will show that Cneq(Mf ) in some
models is in fact nonanalytic. We will discuss three mod-
els with different symmetries and dispersion relations,
which are the Dirac model, the Haldane model, and the
Kitaev model on a honeycomb lattice.
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FIG. 1. (Color online) The Hall conductance Cneq as a func-
tion of (Mf , Bf ) for different (Mi, Bi). [Left panel] The initial
state has a nonzero Chern number with Mi, Bi > 0. [Right
panel] The Chern number of the initial state is zero with
Mi > 0 but Bi < 0.
A. The Dirac model
In the Dirac model23, the coefficient vector is expressed
as
~d~k = (kx, ky,M −Bk2), (23)
where k2 = k2x + k
2
y. The Dirac model has continuous
translational symmetry in real space. The range of ~k is
over the whole momentum plane, which is treated as the
Brillouin zone in our formalism. It is straightforward to
show by using Eq. (16) that the Chern number is
C =
1
2
(sgn(M) + sgn(B)) . (24)
A topological phase transition happens in the ground
state at M = 0 or B = 0. As M = 0, the energy gap
closes at ~k = 0.
Substituting Eq. (23) into Eq. (22), we obtain the ex-
pression of the quench-state Hall conductance. It is
Cneq
=
∫
d~k2
(
k2 + (Bik
2 −Mi)(Bfk2 −Mf )
) (
Bfk
2 +Mf
)
4πdi~k(d
f
~k
)4
,
(25)
with
di~k =
√
k2 + (Bik2 −Mi)2, (26)
and (
df~k
)4
=
(
k2 + (Bfk
2 −Mf)2
)2
. (27)
The Dirac model features rotational symmetry, which is
reflected in the fact that the integrand in Eq. (25) is a
function of k2. It is convenient to calculate this integral
in the polar coordinates. Integrating with respect to the
6azimuth angle, we obtain
Cneq =
∫ ∞
0
d
(
k2
)
×
(
k2 + (Bik
2 −Mi)(Bfk2 −Mf )
) (
Bfk
2 +Mf
)
4di~k
(df~k
)4
.
(28)
The integrand in Eq. (28) is invariant as we simultane-
ously change the variable k → 1/k and exchange the
parameters Mi/f ↔ Bi/f . The Hall conductance is then
symmetric to Mi/f and Bi/f in the sense that
Cneq(Mi, Bi,Mf , Bf ) = Cneq(Bi,Mi, Bf ,Mf). (29)
Fig. 1 shows the result of the Hall conductance ob-
tained by numerical integration of Eq. (28). Cneq is plot-
ted as a function of the parameters (Mf , Bf ) in the post-
quench Hamiltonian. The left and right panels are for
different initial states. Different from the ground-state
Hall conductance (24), the quench-state Hall conduc-
tance changes continuously. Cneq is close to zero as Mf
and Bf have different signs, being positive asMf , Bf ≫ 0
but negative as Mf , Bf ≪ 0.
The continuity and nonanalyticity of the function
Cneq(Mf , Bf ) are proved as follows. Since the denom-
inator of the integrand in Eq. (28) contains an irrational
function di~k, an analytical expression of Cneq(Mf , Bf ) is
unaccessible. But according to the argument at the be-
ginning of this section, Cneq(Mf , Bf ) is nonanalytic at
the gap closing pointMf = 0. AsMf = 0, the gap of the
post-quench Hamiltonian closes (df~k = 0) at k = 0, which
is the unique singularity of the integrand in Eq. (28).
We then isolate this singularity by dividing the domain
of integration into∫ ∞
0
d(k2) =
∫ η
0
d(k2) +
∫ ∞
η
d(k2), (30)
where η > 0 can be arbitrarily small. The integral∫∞
η
d(k2) is an analytic function of (Mf , Bf). One can
prove this by changing the variable k → 1/k. The domain
of integration is changed into [0, 1/η], a finite interval. At
the same time, the new integrand is an analytic function
and is bounded everywhere in the domain [0, 1/η]. There-
fore, the infinity is not a singularity of the integrand in
Eq. (28). We can neglect the second term in the right
hand side of Eq. (30) when analyzing the nonanalyticity
of Cneq .
The nonanalytic part of Cneq is now written as
Cηneq =
∫ η
0
d
(
k2
)
×
(
k2 + (Bik
2 −Mi)(Bfk2 −Mf)
) (
Bfk
2 +Mf
)
4di~k
(df~k
)4
.
(31)
Since η can be arbitrarily small, we replace the irrational
function di~k in the integrand by its value at k = 0, i.e.,
di~k=0 = |Mi|. (32)
This replacement does not change the nonanalytic be-
havior of Cηneq. Notice that we choose a gapped initial
state and, thus, Mi 6= 0. The integrand in the expression
of Cηneq becomes a rational function. It is straightforward
to determine Cηneq as
Cηneq = F (η)− F (0), (33)
where F denotes the antiderivative. F (η) is an analytic
function of (Mf , Bf ), while F (0) is expressed as
F (0) =
1
8|Mi|B2f
[
2Bf(Bi +Bf )Mf −Bi√
1− 4BfMf
ln
(
2B2fM
2
f − 4BfMf + 1
)√
1− 4BfMf − 8B2fM2f + 6BfMf − 1
M2f
+Bi lnM
2
f + 2Bi − 2Bf
]
.
(34)
We are interested in the nonanalytic behavior of Cηneq at
Mf = 0. In the vicinity of Mf = 0,
√
1− 4BfMf can be
expanded into
√
1− 4BfMf =1− 2BfMf − 2B2fM2f − 4B3fM3f
− 10B4fM4f +O(M5f ).
(35)
F (0) is then expanded into
F (0) =
Mf
4|Mi| lnM
2
f +O(M2f ) ln |Mf |
+
[
2Bi − 2Bf −Bi ln(2B4f )
8|Mi|B2f
+O(Mf )
− Bi
8|Mi|B2f
ln (1 +O(Mf ))
+O(Mf ) ln (1 +O(Mf ))
]
.
(36)
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FIG. 2. ∂Cneq/∂Mf as a function of ln |Mf |. The different
types of lines and points represent ∂Cneq/∂Mf for different
(Mi, Bi, Bf ). We simultaneously plot ∂Cneq/∂Mf in the limit
Mf → 0
+ andMf → 0
−, which are undistinguishable at small
|Mf |.
All the terms in Eq. (36) are continuous at Mf = 0.
Therefore, F (0) and then Cneq must be a continuous
function even at Mf = 0. The first and second terms in
Eq. (36) are nevertheless nonanalytic at Mf = 0, while
all the other terms are analytic functions of (Mf , Bf ).
Since F (η) and the difference between Cneq and C
η
neq
are also analytic functions, we can then express the Hall
conductance as
Cneq =− 1
2
Mf −M cf
|Mi −M ci |
ln |Mf −M cf |
+O ((Mf −M cf)2) ln |Mf −M cf |+Ana.,
(37)
whereAna. denotes an analytic function of (Mf , Bf ), and
M ci/f = 0 denotes the gap closing point of the initial and
post-quench Hamiltonian, respectively. The derivative of
the first term in Eq. (37) with respect to Mf is divergent
in the limit Mf → 0. But the second term in Eq. (37)
goes to zero faster than the first term, and its derivative
is finite at Mf = 0. We can then explicitly express the
nonanalytic behavior of Cneq as
lim
Mf→Mcf
∂Cneq
∂Mf
−1
2
ln |Mf −M cf |
|Mi −M ci |
= 1, (38)
or simply write it as
lim
Mf→Mcf
∂Cneq
∂Mf
∼ −1
2
ln |Mf −M cf |
|Mi −M ci |
. (39)
In Fig. 2, we show the numerical result of
∂Cneq
∂Mf
as
a function of ln |Mf | in the vicinity of Mf = 0. In the
range |Mf | < e−6, this function is approximately linear
with the slope −1/2|Mi|. The numerical results verify
our analysis.
According to Eq. (29), Cneq is symmetric to Mf and
Bf . By replacing Mi/f by Bi/f in Eq. (39), we obtain
lim
Bf→Bcf
∂Cneq
∂Bf
∼ −1
2
ln |Bf −Bcf |
|Bi −Bci |
, (40)
where Bcf = B
c
i = 0. It is worth mentioning that the en-
ergy gap of the post-quench Hamiltonian does not close
at Bf = 0. The Hall conductance is nonanalytic at
Bf = 0 because k → ∞ becomes a singularity of the
integrand in Eq. (28). This is related to the fact that
k = 0 is a singularity at Mf = 0, since the integrand in
Eq. (28) is invariant under the exchange k ↔ 1/k and
Mi/f ↔ Bi/f . Whereas, in a generic model, the Bril-
louin zone is finite so that a singularity at infinity does
not exist. Therefore, we can say that the Hall conduc-
tance can only be nonanalytic at the gap closing point of
the post-quench Hamiltonian.
The Hall conductance is continuous everywhere in the
parameter space of the quenched state. But its derivative
is logarithmically divergent at Mf = 0 or Bf = 0. The
nonanalyticity of the Hall conductance reveals a nonequi-
librium phase transition at Mf = 0 or Bf = 0. Since the
Chern number for the ground state of the post-quench
Hamiltonian is (sgn(Mf ) + sgn(Bf )) /2, this phase tran-
sition can be addressed by a change of topological invari-
ant. The nonanalytic behavior of the Hall conductance
at the nonequilibrium phase transition is quite different
from that at the ground-state phase transition. In the
latter case, the Hall conductance is discontinuous at the
transition but its derivative keeps zero almost everywhere
in the parameter space.
This phase transition cannot be explained under the
broken symmetry picture, since the quenched states in
different phases share the common symmetries of the
Dirac model. In fact, this phase transition is topolog-
ically driven. And the Chern number for the ground
state of the post-quench Hamiltonian serves as a suitable
order parameter, which can be used to distinguish the
quenched states in different phases (see Sec. VI for more
discussion).
B. The Haldane model
Next we study the quench-state Hall conductance in
the Haldane model. The model was first proposed by
F. D. M. Haldane24 in 1988. Due to the recent progress
in manipulating cold atoms, the Haldane model was re-
alized in an optical lattice30. The study of the nonequi-
librium phase transition in the Haldane model provides
an opportunity for testing our theory.
The Haldane model describes a Fermi gas on a honey-
comb lattice with each site at most being occupied by a
single fermion. Fig. 3 is the schematic diagram. There
are two interpenetrating sublattices, which are the sub-
lattice “A” denoted by the black circles and the sublattice
8FIG. 3. Schematic diagram of the Haldane model. The black
and empty circles denote the “A” and “B” sites, respectively.
The circle arrow at the center of the dotted lines connecting
three “A” sites or three “B” sites shows the direction of hop-
ping with the matrix element t2e
iφ. The 6 vectors ~as and ~bs
with s = 1, 2, 3 are marked, which are used for expressing the
Hamiltonian in momentum space.
“B” denoted by the empty circles. For simplicity, we set
the lattice constant (the edge length of the hexagon) to
unity. In the Haldane model, the Hamiltonian contains
three terms:
Hˆ = Hˆ1 + Hˆ2 + Hˆ3. (41)
The first term describes the hopping between the nearest
neighbors, i.e., between one “A” site and one “B” site,
with the hopping matrix element set to unity. Hˆ1 is
expressed as
Hˆ1 =
∑
〈 ~Ai, ~Bj〉
(
cˆ†~Ai cˆ~Bj +H.c.
)
, (42)
where cˆ†~Ai and cˆ~Bj are the fermionic operators,
~Ai and
~Bj denote different “A” and “B” sites, respectively, and
〈 ~Ai, ~Bj〉 denotes the nearest-neighbor relation. The sec-
ond term describes the hopping between the next-nearest
neighbors, i.e., between two “A” sites or between two
“B” sites. The hopping matrix elements are complex
numbers. And inside each hexagon, it is
(
t2e
iφ
)
if the
hopping is in the clockwise direction (see the circle arrow
in Fig. 3), but
(
t2e
−iφ) if the hopping is in the anticlock-
wise direction. Hˆ2 is expressed as
Hˆ2 =
∑
〈〈 ~Ai, ~Aj〉〉
(
t2e
iφcˆ†~Ai cˆ ~Aj +H.c.
)
+
∑
〈〈 ~Bi, ~Bj〉〉
(
t2e
iφcˆ†~Bi cˆ~Bj +H.c.
)
,
(43)
where t2 and φ are real numbers, and 〈〈 ~Ai, ~Aj〉〉 denotes
that the sites ~Ai and ~Aj are the next-nearest neighbors
FIG. 4. The reciprocal lattice of the Haldane model. Γ =
(0, 0) denotes the origin. The hexagon surrounding Γ point
is the first Brillouin zone. The black (empty) circles denote
the singularities at which the energy gap closes for M =M−c
(M = M+c ). We choose the Brillouin zone surrounded by
the dashed lines to calculate the Hall conductance. ~q is the
singularity inside this Brillouin zone as M = M+c , and the
shadow around ~q shows how we isolate this singularity.
to each other and the hopping from ~Aj to ~Ai is in the
clockwise direction. The third term of the Hamiltonian
describes an onsite potential which breaks the inversion
symmetry. Hˆ3 is expressed as
Hˆ3 =M
∑
~Ai
cˆ†~Ai cˆ ~Ai −M
∑
~Bi
cˆ†~Bi cˆ~Bi . (44)
The Haldane model is a two-band model. We ex-
press the Hamiltonian in momentum space. In the ba-
sis
(
cˆ~k1, cˆ~k2
)T
where cˆ~k1 =
∑
~Aj
e−i
~k· ~Aj√
L
cˆ ~Aj and cˆ~k2 =∑
~Bj
e−i
~k·~Bj√
L
cˆ~Bj (L is the total number of sites), the
single-particle Hamiltonian is in the form of Eq. (13) with
the components of ~d~k expressed as
d1~k =
∑
s=1,2,3
cos
(
~k · ~as
)
,
d2~k =
∑
s=1,2,3
sin
(
~k · ~as
)
,
d3~k =M − 2t2 sinφ
∑
s=1,2,3
sin
(
~k ·~bs
)
.
(45)
Here we employ 6 constant vectors ~a1,~a2,~a3 and~b1,~b2,~b3,
which are shown in Fig. 3.
In the Haldane model, the Chern number of the ground
state is found to be
C =
1
2
(
sgn
(
M + 3
√
3t2 sinφ
)
− sgn
(
M − 3
√
3t2 sinφ
))
.
(46)
9Let us fix t2 and φ, while changingM . M has two critical
values, which are
M±c = ±3
√
3t2 sinφ. (47)
At M =M±c , the energy gap closes and the Chern num-
ber has a jump. One can obtain the momentum ~q at
which the gap closes by solving the equation d~q = 0. Note
that ~q is the singularity of the Berry curvature. Since ~d~k
is a periodic function of ~k in the momentum plane, the
equation d~q = 0 has infinite number of solutions. As
shown in Fig. 4, for M = M+c the energy gap closes at
each empty circle, while for M = M−c the gap closes at
each black circle. The choice of the Brillouin zone is im-
portant for the calculation of the Hall conductance which
is an integral over the Brillouin zone. We notice that, in
the first Brillouin zone which is the hexagon centered at
Γ in Fig. 4, the singularities are located at the vertices.
This causes some problem in the calculation. We then
choose a different Brillouin zone, which is the rhomboid
area surrounded by the dashed lines in Fig. 4. With this
choice, the singularity is located inside the Brillouin zone.
Let us study the quench-state Hall conductance as a
function ofMf while fixing the initial parametersMi, t2i,
and φi and the post-quench parameters t2f and φf . The
Hall conductance is nonanalytic at Mf =M
c
f with
M cf := +3
√
3t2f sinφf , (48)
where the gap of the post-quench Hamiltonian closes at
the momentum
~q =
(
8π
3
√
3
, 0
)
. (49)
The Hall conductance is also nonanalytic at Mf =
−3√3t2f sinφf . But the nonanalytic behavior of the Hall
conductance is the same at the two different gap closing
points. We will then only discuss the case of Mf =M
c
f .
Substituting Eq. (45) into Eq. (22), we obtain
Cneq =
∫
d~k2
nu.
4πdi~k
(
df~k
)4 , (50)
where the numerator is expressed as
nu. =
√
3
2
(
3 + 2SC + d
i
3~k
df
3~k
)
×
(
2
3
√
3
M cf
∑
s
(
cos(~k ·~bs)− 1
)2
−MfSS
)
.
(51)
In the denominator, we have
di~k =
√(
Mi − 2
3
√
3
M ci SS
)2
+ 3 + 2SC , (52)
with M ci = 3
√
3t2i sinφi denoting the gap closing point
of the initial Hamiltonian and
(
df~k
)4
=
((
Mf − 2
3
√
3
M cfSS
)2
+ 3 + 2SC
)2
. (53)
Here the symbols SC and SS denote the summations
SC =
∑
s
cos
(
~k ·~bs
)
, (54)
and
SS =
∑
s
sin
(
~k ·~bs
)
, (55)
respectively. di
3~k
and df
3~k
are the third components of
the initial coefficient vector ~di~k and the post-quench co-
efficient vector ~df~k
, respectively.
An analytical expression of Cneq(Mf ) is unaccessible.
We analyze the nonanalyticity of Cneq(Mf ) by using the
same trick as we used for the Dirac model. We divide the
Brillouin zone into a circle of infinitesimal radius centered
at the singularity ~q (the shadow in Fig. 4) and the left
area. The nonanalyticity of Cneq(Mf ) comes only from
the integral in the vicinity of the singularity, which is
written as
Cηneq =
∫
Bη(~q)
d~k2
nu.
4πdi~k
(
df~k
)4 , (56)
where Bη(~q) denotes a circle of radius √η centered
at ~q with η being an infinitesimal number. While(
Cneq − Cηneq
)
is an analytic function of Mf , since the
integrand in Eq. (50) is an analytic function of Mf and
~k and is bounded for ~k /∈ Bη(~q). The domain of integra-
tion for Cηneq can be arbitrarily small. Therefore, in the
denominator of the integrand in Eq. (56) we replace di~k
by its value at ~q, i.e.,
di~q = |Mi −M ci |. (57)
There are trigonometric functions in
(
df~k
)4
which pre-
vent us from working out Cηneq. Notice that we cannot
replace
(
df~k
)4
by its value at ~k = ~q which vanishes at the
gap closing pointMf =M
c
f . But we can do an expansion
of
(
df~k
)4
in the vicinity of ~k = ~q. We set ∆~k = ~k− ~q and
find
SC =− 3
2
+
9
8
∆k2 +O(∆k3),
SS =
3
√
3
2
− 9
√
3
8
∆k2 +O(∆k3),
(58)
where ∆k2 = ∆k2x+∆k
2
y and O(∆k3) denotes the higher-
order terms. Substituting Eq. (58) into Eq. (53), we ob-
tain(
df~k
)4
=
[
9
4
∆k2 +
(
3
4
M cf∆k
2 +Mf −M cf
)2 ]2
. (59)
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For the Haldane model
(
df~k
)4
has the same form in the
vicinity of the singularity as for the Dirac model (see
Eq. (27)). Notice that in the Dirac model we have ∆k2 =
k2 due to ~q = 0 (the singularity is at the origin), and
Mf −M cf =Mf due toM cf = 0. This similarity indicates
that the asymptotic behavior of the spectrum df~k nearby
the singularity is universal in two-band Chern insulators.
We then expect that the nonanalytic behavior of the Hall
conductance in the Haldane model is similar to that in
the Dirac model.
We can keep the expansion of
(
df~k
)2
only to the second
order and obtain(
df~k
)2
=
(
Mf −M cf
)2
+ γ∆k2, (60)
where
γ =
3
(
Mf −M cf
)
M cf
2
+
9
4
. (61)
The nonanalytic behavior of Cηneq(Mf ) is independent of
whether we use Eq. (60) or Eq. (59) in the calculation. A
linear term is absent in Eq. (60). This reflects the conic
structure of the spectrum at the singularities.
We expand the numerator to the second order in ∆k
and obtain
nu. = κ1 + κ2∆k
2, (62)
where κ1 and κ2 are ∆k-independent constants with
κ2 =
27
8
(
Mf −M cf
)
×
(
1
2
(
Mf −M cf
)
Mi −
(
Mf −M cf
)
M ci −
3
2
)
.
(63)
In fact, only the second-order term κ2∆k
2 in the numer-
ator contributes to the nonanalytic behavior of Cηneq at
Mf = M
c
f , while κ1 and all the higher-order terms have
no contribution and can be neglected.
Substituting Eq. (57), (60) and (62) into Eq. (56), we
express the integrand for Cηneq as a function of ∆k
2. In-
tegrating with respect to the azimuth angle in the polar
coordinates, we obtain
Cηneq
=
∫ η
0
d
(
∆k2
) κ1 + κ2∆k2
4|Mi −M ci |
((
Mf −M cf
)2
+ γ∆k2
)2 .
(64)
The calculation of this integral is straightforward. Notice
that we are only interested in the nonanalytic part of
Cηneq , which is
Cηneq ∼
−κ2
4|Mi −M ci |γ2
ln
(
Mf −M cf
)2
. (65)
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FIG. 5. The Hall conductance and its derivative in the vicinity
of Mf = M
c
f . The former is plotted in the left panel, while
the latter is plotted in the right panel. In the right panel, the
solid lines denote
dCneq
dMf
obtained from numerical integration,
while the dashed one is a straight line with slope 1
2|Mi−M
c
i
|
.
The parameters are set to Mi = 0, φi = φf = π/6, t2i = 0.5,
and t2f = 1.
Furthermore, at Mf =M
c
f , κ2/γ
2 can be expanded into
κ2
γ2
= − (Mf −M cf)+O (Mf −M cf)2 . (66)
Finally, we express the Hall conductance as
Cneq =
(
Mf −M cf
)
2|Mi −M ci |
ln |Mf −M cf |
+O
((
Mf −M cf
)2)
ln |Mf −M cf |+Ana.,
(67)
where Ana. represents an analytic function of Mf .
First, the Hall conductance Cneq(Mf) is continuous
everywhere, even at Mf = M
c
f . Second, in the limit
Mf → M cf , the derivative of the Hall conductance dis-
plays the following asymptotic behavior:
dCneq
dMf
∼ 1
2
ln |Mf −M cf |
|Mi −M ci |
. (68)
We obtain the exact asymptotic behavior of dCneq/dMf .
We truncated the numerator and denominator of the
integrand when calculating the Hall conductance (50),
but the higher-order terms that we neglected have no
contribution to the first-order derivative of Cneq in the
limit Mf → M cf . The numerical results verify Eq. (68).
Fig. 5 shows the Hall conductance and its derivative.
We see clearly that Cneq is a continuous function and
dCneq/dMf is a linear function of ln |Mf −M cf | in the
limit Mf →M cf . The slope of dCneq/dMf coincides with
our prediction.
Even if the Haldane model is significantly distin-
guished from the Dirac model in symmetries and dis-
persion relations, the derivative of the Hall conduc-
tance has the similar asymptotic behavior except for a
sign difference in these two models. In both models,
the Hall conductance is continuous everywhere with a
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FIG. 6. Lattice of the Kitaev honeycomb model. Spin-1/2
degrees of freedom reside on the vertices of a honeycomb lat-
tice. The anisotropic nearest-neighbor interaction depends on
the link type (x, y, or z).
logarithmically-divergent derivative at the gap closing
point of the post-quench Hamiltonian. And the prefac-
tor of the logarithmically-divergent derivative is inversely
proportional to the energy gap in the initial state, i.e.,
2|Mi−M ci |. The nonanalyticity of the Hall conductance
is always accompanied by the change of the Chern num-
ber for the ground state of the post-quench Hamiltonian.
C. The Kitaev honeycomb model
Finally, we study the Kitaev honeycomb model in a
magnetic field. Different from the Dirac model or the
Haldane model, the Kitaev honeycomb model31 is not
a fermionic model, but a spin-1/2 model defined on a
honeycomb lattice with anisotropic nearest-neighbor in-
teractions (see Fig. 6). The Hamiltonian of the Kitaev
honeycomb model is
Hˆ1 = −Jx
∑
x−links
σxi σ
x
j − Jy
∑
y−links
σyi σ
y
j − Jz
∑
z−links
σzi σ
z
j ,
(69)
where the sum over the x, y or z-links means the sum
over pairs of lattice sites 〈i, j〉 that are linked by a bond
labeled by x, y, or z in Fig. 6, respectively. We set the
bond length to unity. It has been shown32 that for the
above Hamiltonian one can find a Jordan-Wigner con-
tour, which after identifying a conserved Z2 operator
31
and switching to momentum space yields a BCS-type
Hamiltonian:
Hˆ1 =
∑
~k
(
ε~k
2
(
cˆ†~k cˆ~k − cˆ−~kcˆ
†
−~k
)
+
∆~k
2
(
cˆ†~kcˆ
†
−~k + cˆ−~k cˆ~k
))
(70)
with
ε~k = 2
[
Jz + Jx cos
(√
3kx
2
+
3ky
2
)
+ Jy cos
(
−
√
3kx
2
+
3ky
2
)]
,
∆~k = 2
[
Jx sin
(√
3kx
2
+
3ky
2
)
+ Jy sin
(
−
√
3kx
2
+
3ky
2
)]
.
(71)
This Hamiltonian can be diagonalized by a Bogoliubov
transformation with a spectrum
√
ε2~k
+∆2~k
. Analyzing
this spectrum one finds a gapless phase for |Jx| < |Jy|+
|Jz|, |Jy| < |Jx|+ |Jz|, and |Jz| < |Jx|+ |Jy|.
The presence of a magnetic field ~h adds an additional
term to the Hamiltonian, which is
Hˆ2 =
∑
j
(
hxσˆ
x
j + hyσˆ
y
j + hzσˆ
z
j
)
. (72)
The external field opens a gap in the gapless phase. At
Jx = Jy = Jz = J there exists a diagonal form of the
Hamiltonian also with nonzero magnetic field31 and the
spectrum becomes
√
ε2k + |∆˜~k|2 with
∆˜~k =∆~k + i4M
[
sin
(√
3kx
2
+
3ky
2
)
− sin
(
−
√
3kx
2
+
3ky
2
)
− sin
(√
3kx
)]
,
(73)
where M ∼ hxhyhxJ2 . The diagonal Hamiltonian can be
transformed to the two-band form in Eq. (13) via a Bo-
goliubov transformation33, yielding
~d~k =
1
2
(
Re∆˜~k, Im∆˜~k, ε~k
)
. (74)
Without loss of generality we set J = 1 in the following.
The spin-1/2 model with the Hamiltonian Hˆ =
Hˆ1 + Hˆ2 is now transformed into a two-band model of
fermions. We can then define the Chern number. The
Chern number of the ground state is
C = sgn (M) . (75)
A topological phase transition in the ground state hap-
pens at M = 0, i.e., at zero magnetic field, at which the
energy gap closes with the roots of d~k sitting on the cor-
ners of the hexagonal Brillouin zone (see Fig. 7). These
roots are the singularities of the Berry curvature. There
are two types of conic singularities, denoted by the black
and the empty circles in Fig. 7. As in the Haldane model,
we choose a rhomboid unit cell as the Brillouin zone. But
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FIG. 7. The reciprocal lattice of the Kitaev honeycomb
model. Γ = (0, 0) denotes the origin. The black and the
empty circles denote the singularities at which the energy
gap closes as there is no magnetic field. The dashed lines
surround the Brillouin zone that we choose to calculate the
Chern number and the Hall conductance. ~q1 and ~q2 are two
singularities inside this Brillouin zone. The shadows around
them show how we separate the singularities.
different from the Haldane model, the Brillouin zone in
the Kitaev model contains two singularities, namely
~q1 =
(
8π
3
√
3
, 0
)
, ~q2 =
(
4π
3
√
3
, 0
)
. (76)
Next we study the quench-state Hall conductance in
the two-component Fermi gas with the coefficient vector
given by Eq. (74). It is worth mentioning that the value
of the Z2 operator defined in the transformation from
the Kitaev model to the fermionic model is conserved in
a quench of the parameter M . Therefore, a quench in
the Kitaev model can be mapped into a quench in the
corresponding two-component Fermi gas and vice versa.
Whereas, the observable in the Kitaev model that corre-
sponds to the Hall conductance is difficult to write down,
which will not be discussed in this paper.
The Hall conductance depends on the parameters Mi
and Mf in the initial and post-quench Hamiltonians, re-
spectively. We fixMi and study the nonanalytic behavior
of the function Cneq(Mf ) in the limitMf → 0. According
to Eq. (22), the nonanalyticity of Cneq(Mf ) comes from
the integral over the neighborhood of the singularities ~q1
and ~q2 (the shadowed circles in Fig. 7). An analysis of
the symmetry properties of the integrand yields that the
integrand as a whole is invariant under ~k → −~k. There-
fore, the contributions to the integral in Eq. (22) from
both singularities are identical and it suffices to consider
only one of them and then double the result.
We choose to consider a surrounding of ~q1 with its
contribution to the Hall conductance written as
Cηneq =
∫
Bη(~q1)
d~k2
(
~df~k
· ~di~k
)(∂ ~df~k
∂kx
×
∂ ~df~k
∂ky
)
· ~df~k
4πdi~k
(
df~k
)4 , (77)
where Bη(~q1) denotes a circle centered at ~q1 with the
radius
√
η. η can be arbitrarily small. In the denominator
of the integrand in Eq. (77), di~k can be replaced by its
value at ~k = ~q1, i.e., d
i
~q1
= 3
√
3|Mi|. We then expand
the numerator and denominator of the integrand around
~k = ~q1. With ∆~k = ~k − ~q1 we obtain for the numerator
nu. = κ1 + κ2∆k
2 + κ′1∆kx + κ
′
2∆k
2
x +O(∆k3) (78)
with κ1 =
729
√
3
4 MiM
2
f , κ
′
1 = −
729MiM
2
f
4 and
κ2 =Mf
(
243
√
3
16
− 2187
√
3
16
MiMf
)
,
κ′2 =−
2187
√
3
8
MiM
2
f .
(79)
For the denominator we obtain(
df~k
)2
= 27
(
M2f + γ∆k
2
)
, (80)
where γ = 112 −
3M2f
2 . The expansion of
(
df~k
)2
reveals
the rotational symmetry in the conic structure of the
spectrum nearby the singularities. The similar structure
has already been found in the Haldane model and in the
Dirac model.
We consider the terms in the expansion of the numer-
ator (78) one by one. The constant κ1 contributes to
Cηneq(Mf ) a regular term in the sense that it is a contin-
uous function of Mf with the derivative being finite at
Mf = 0. The second-order term κ2∆k
2 in the numerator
contributes to Cηneq(Mf) a term∼Mf ln |Mf |, the deriva-
tive of which is logarithmically divergent in the limit
Mf → 0. There are two additional terms (κ′1∆kx and
κ′2∆k
2
x) in the numerator which break the rotational sym-
metry. The contribution to Cηneq from these asymmetric
terms is regular. Terms linear in ∆kα (or to any odd
power of ∆kα) are anti-symmetric under ∆kα → −∆kα.
While the denominator of the integrand are symmetric
under ∆kα → −∆kα. The integral of an anti-symmetric
function must vanish. Therefore, κ′1∆kx has no contribu-
tion to Cηneq. On the other hand, since κ
′
2 is proportional
to M2f , κ
′
2∆k
2
x in the numerator of the integrand con-
tributes to Cηneq a nonanalytic term ∼M2f ln |Mf | which
is regular.
Due to the above analysis the nonanalytic part of Cηneq
is expressed as
Cηneq ∼
∫ η
0
d
(
∆k2
) κ2∆k2
4di~q1
[
27
(
M2f + γ∆k
2
)]2
∼−Mf
2|Mi| ln |Mf |+O
(
M2f
)
ln |Mf |.
(81)
Since there are two singularities in the Brillouin zone, the
Hall conductance can be expressed as
Cneq =
−(Mf −M cf )
|Mi −M ci |
ln |Mf −M cf |
+O ((Mf −M cf)2) ln |Mf −M cf |+Ana.,
(82)
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FIG. 8. [Left panel] The function Cneq(Mf ) for a quench
starting from Mi = 1/2 obtained by numerical integration
(adaptive Simpson’s) of Eq. (22) over a half unit cell and dou-
bling the result. [Right panel] Derivative of Cneq with respect
toMf for a quench fromMi = 1/2 and one quench fromMi =
1/4. The dots denote the numerical results, while the lines
are fits of the form
(
−|Mi −M
c
i |
−1 ln |Mf −M
c
f |+ const.
)
.
where M ci = 0 and M
c
f = 0 denote the gap closing point
in the initial and post-quench Hamiltonians, respectively,
and Ana. represents an analytic function of Mf . The
Hall conductance is a continuous function of Mf , but its
derivative is divergent in a logarithmic way. And the
asymptotic behavior of the derivative at the gap closing
point M cf = 0 can be expressed as
lim
Mf→Mcf
dCneq
dMf
∼ − ln |Mf −M
c
f |
|Mi −M ci |
. (83)
Fig. 8 shows the Hall conductance and its deriva-
tive obtained by numerical integration of Eq. (22) for
a quench starting from different Mi. As expected, if no
quench is performed, Cneq equals the Chern number of
the initial state. When Mf approaches the gap clos-
ing point M cf = 0, the curve becomes infinitely steep,
before it flattens again for smaller Mf . The derivative
dCneq/dMf is displayed together with fits of the form(
−|Mi −M ci |−1 ln |Mf −M cf |+ const.
)
. The numerical
results form a perfect line as a function of ln |Mf −M cf |
and thereby confirm the validity of above considerations
regarding the asymptotic behavior of Cneq(Mf ) nearby
M cf .
Let us compare the nonanalytic behavior of the
quench-state Hall conductance in the Dirac model, the
Haldane model, and the Kitaev model. Despite of the
significant difference in the symmetries and dispersion
relations of the models, the Hall conductance is always a
continuous function ofMf and its derivative displays the
following asymptotic behavior
lim
Mf→Mcf
dCneq
dMf
∼ −K
2
ln |Mf −M cf |
|Mi −M ci |
, (84)
where K is a constant. We already know K = 1 in the
Dirac model, K = −1 in the Haldane model, and K = 2
in the Kitaev model. In fact, it is easy to see that K
equals the change of the Chern number for the ground
state of the post-quench Hamiltonian at Mf =M
c
f . This
observation can be expressed as
K = lim
δ→0+
Cf (M
c
f + δ)− Cf (M cf − δ), (85)
where Cf denotes the Chern number for the ground state
of Hˆf . In next section, we will strictly prove that Eq. (84)
and (85) stand for an arbitrary two-band Chern insulator.
V. UNIVERSAL NONANALYTIC BEHAVIOR
OF THE HALL CONDUCTANCE IN TWO-BAND
CHERN INSULATORS
Let us consider a two-band Chern insulator with the
single-particle Hamiltonian generally expressed as H~k =
~d~k · ~σ. Recall that H~k has two eigenvalues ±d~k with
d~k denoting the length of the coefficient vector
~d~k =(
d1~k, d2~k, d3~k
)
.
Before discussing the nonanalyticity of the Hall con-
ductance, we revisit the Chern number for the ground
state, which is expressed by using the coefficient vector
as
C =
∫
d~k2
(
∂ ~d~k
∂kx
× ∂
~d~k
∂ky
)
· ~d~k
4πd3~k
. (86)
One can easily see the topological nature of the Chern
number by reexpressing it as
C =
−1
2π
∫
d~S ·
(
▽~k × ~A
)
, (87)
where
~A =
d1~k▽~kd2~k − d2~k▽~kd1~k
2d~k(d~k − d3~k)
(88)
is the so-called Berry connection and ~S denotes the Bril-
louin zone oriented in the direction perpendicular to the
momentum plane. According to the Kelvin-Stokes the-
orem, the Chern number equals the line integral of ~A
along the boundary of the Brillouin zone, plus the line
integrals of ~A around all the singularities of ~A within the
Brillouin zone. The former integral must be zero due to
the periodicity of ~A. Supposing that the singularities of
~A are ~q1, ~q2, · · · , ~qN , we then have
C =
N∑
j=1
C(~qj) (89)
with
C(~qj) =
1
2π
lim
η→0
∮
∂Bη(~qj)
~A · d~k, (90)
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where ∂Bη(~qj) denotes the boundary of a circle of radius√
η centered at ~qj , and the integral is along the anticlock-
wise direction.
According to Eq. (88), a singularity of ~A is a momen-
tum ~q satisfying d3~q = d~q. Note that d~k in the expression
of ~A cannot be zero in a gapped state. We then have
d1~q = d2~q = 0 at the singularity. In fact, the tree compo-
nents of the coefficient vector are on an equal footing in
the expression of the Chern number. One can permute
the three components in the expression of ~A. Therefore, a
singularity of ~A in general refers to a momentum at which
two components of the coefficient vector vanish. Here we
choose d1~q and d2~q as the vanishing components without
loss of generality. For convenience of discussion, we call ~q
a singularity of ~A whether d3~q = d~q or d3~q = −d~q. d3~q is a
free parameter of the model. We rename it as m in next.
In fact, m is nothing but (M −Mc) in the Dirac model,
the Haldane model or the Kitaev model in Sec. IV. Since
m = 0 indicates the closing of the energy gap, we call m
the gap parameter.
In the case of multiple singularities in one Brillouin
zone, m at different singularities might refer to different
parameters in the model. An example is the Haldane
model, where a single Brillouin zone contains two singu-
larities ~q1 and ~q2 with d~q1 6= d~q2 . In a generic model,
d~k must have a global minimum point at one of the sin-
gularities, when the system is close to the gap closing
point. In other words, the energy gap must be 2|m| at
one of the singularities. In fact, the minimum point of
d~k is always related to the symmetry of the model, so
are the singularities. On the other hand, if the energy
gap closes simultaneously at multiple singularities due to
the symmetry of the model, the gap parameter at these
singularities must be the same one. In this case, we say
that m is the corresponding gap parameter for these sin-
gularities. An example is the Kitaev honeycomb model
in a magnetic field.
According to Eq. (89) and (90), the Chern number
is determined only by the coefficient vector in the in-
finitesimal neighborhoods of the singularities. Therefore,
at each singularity ~q, we expand ~d~k into a power series.
Without loss of generality, we have
d1~k =a1x∆kx + a1y∆ky +O(∆k2),
d2~k =a2x∆kx + a2y∆ky +O(∆k2),
d3~k =m+O(∆k2),
(91)
where ∆~k := ~k − ~q and ajx and ajy depend on the sin-
gularity and the model. A linear term is absent in the
expression of d3~k. Otherwise, the minimum point of d~k
would not be at ∆~k = 0, which contradicts our assump-
tion. It is straightforward to verify the absence of the lin-
ear term in d3~k for the Dirac model, the Haldane model
or the Kitaev model.
The Berry connection can be reexpressed as
~A =
(
d~k + d3~k
2d~k
)(
d1~k▽~kd2~k − d2~k▽~kd1~k(
d1~k
)2
+
(
d2~k
)2
)
. (92)
C(~q) is an integral of ~A over the boundary of an infinites-
imal neighborhood of ~q. When calculating C(~q), we can
replace the term inside the first bracket of Eq. (92) by
its value at ∆~k = 0, i.e. (1 + sgn(m))/2. The higher-
order terms in the expansion of d3~k have no contribution
to C(~q). Regarding numerator and denominator inside
the second bracket of Eq. (92), the terms O(∆k2) in d1~k
or d2~k contribute to the numerator a correction O(∆k2)
and to the denominator a correction O(∆k3), which can
both be neglected when calculating
∮
∂Bη(~qj)
~A · d~k in the
limit η → 0. Therefore, C(~q) is only determined by the
lowest order expansion of the coefficient vector given by
Eq. (91). It is straightforward to determine C(~q) as
C(~q) =
1
2
(1 + sgn(m)) sgn (a1xa2y − a2xa1y) . (93)
At the gap closing point m = 0, the change of C(~q) is
sgn (a1xa2y − a2xa1y).
Next we discuss the nonanalyticity of the quench-state
Hall conductance, which can be expressed by using the
initial and post-quench coefficient vectors as
Cneq =
∫
d~k2
(
~df~k · ~d
i
~k
)(∂ ~df~k
∂kx
×
∂ ~df~k
∂ky
)
· ~df~k
4πdi~k
(df~k
)4
. (94)
The integral in the expression of Cneq is over the Bril-
louin zone which is finite in general. If the integrand is
an analytic function of ~k and the other parameters in the
Hamiltonians and is bounded in the Brillouin zone, Cneq
must be analytic. While in a generic model, the coef-
ficient vectors ~di~k and
~df~k are analytic functions and are
bounded. Therefore, Cneq is nonanalytic only if d
f
~k
van-
ishes somewhere in the Brillouin zone, that is the energy
gap of the post-quench Hamiltonian closes. Notice that,
without loss of generality, the initial state is chosen to be
a gapped state so that di~k cannot be zero.
As mentioned above, the energy gap closes only at
the singularities. Without loss of generality, we suppose
that m is the corresponding gap parameter for the sin-
gularities ~q1, ~q2, · · · , ~qN ′ with N ′ ≤ N . The Hall con-
ductance Cneq as a function of mf (the gap parame-
ter for the post-quench Hamiltonian) is nonanalytic at
mf = 0. We divide the domain of integration in the ex-
pression of Cneq into the infinitesimal neighborhoods of
~q1, ~q2, · · · , ~qN ′ and the left area. The nonanalytic part of
the Hall conductance is expressed as
Cηneq =
N ′∑
j=1
C(~qj)neq (95)
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with
C(~qj)neq =
∫
Bη(~qj)
d~k2
(
~df~k
· ~di~k
)(∂ ~df~k
∂kx
×
∂ ~df~k
∂ky
)
· ~df~k
4πdi~k(d
f
~k
)4
,
(96)
where Bη(~qj) is a circle of radius √η centered at ~qj . η can
be arbitrarily small. While
(
Cneq − Cηneq
)
is an analytic
function of mf , since d
f
~k
has a positive lower limit in the
corresponding domain of integration.
C
(~q)
neq is an integral over the infinitesimal neighborhood
of ~q. For calculating C
(~q)
neq we expand the coefficient vec-
tors ~di~k and
~df~k
around ~q. Let us first consider the lowest
order expansion given by Eq. (91). di~k can be replaced
by its value at ~k = ~q, i.e. di~q = |mi| with mi denoting the
gap parameter in the initial Hamiltonian. The energy
gap in the initial state is 2|mi|. Substituting Eq. (91)
into Eq. (96), for the denominator we obtain
(
df~k
)4
=

m2f +
2∑
j=1
(ajx∆kx + ajy∆ky)
2


2
. (97)
We already assumed that df~k
has an isolated minimum
point at the singularity ∆~k = 0. The spectrum must
have a conic structure nearby the singularity. For ajx
and ajy that meet this constraint, we can always perform
a linear transformation of coordinates to get
2∑
j=1
(ajx∆kx + ajy∆ky)
2 = ∆k′2. (98)
In the new coordinates, for the numerator of the inte-
grand in Eq. (96) we obtain
nu. =(a1xa2y − a2xa1y)
[
mim
2
f +mf∆k
′2
]
. (99)
It is then straightforward to work out C
(~q)
neq , which is
C(~q)neq ∼
−sgn(a1xa2y − a2xa1y)
2|mi| mf ln |mf |. (100)
Here we only show the nonanalytic part of C
(~q)
neq, which
is independent of the shape of the neighborhood or the
choice of η.
Clearly, C
(~q)
neq is a continuous function of mf even at
mf = 0. The asymptotic behavior of its derivative in the
limit mf → 0 is
lim
mf→0
dC
(~q)
neq
dmf
∼ −sgn(a1xa2y − a2xa1y)
2|mi| ln |mf |. (101)
Recall that sgn(a1xa2y − a2xa1y) equals the change of
C(~q) at the gap closing point. C(~q) is the contribution
to the Chern number from the singularity ~q. For distin-
guishing C(~q) for the ground state of Hˆf from that for
the ground state of Hˆi, the former is specifically denoted
by the symbol C
(~q)
f . C
(~q)
f is given by Eq. (93) in which
m is replaced by mf . We can then express Eq. (101) by
using the change of C
(~q)
f at mf = 0 as
lim
mf→0
dC
(~q)
neq
dmf
∼
lim
mf→0−
C
(~q)
f (mf )− lim
mf→0+
C
(~q)
f (mf )
2|mi| ln |mf |.
(102)
The nonanalytic part of the Hall conductance at mf =
0 is a sum of C
(~q)
neq at the singularities ~q1, ~q2, · · · , ~qN ′ that
corresponds to mf . While the Chern number Cf is a
sum of C
(~q)
f at all the singularities ~q1, ~q2, · · · , ~qN in the
Brillouin zone. The singularity ~qj with j > N
′ does not
correspond to mf , and then has no contribution to the
nonanalyticity of Cneq. But C
(~qj)
f also keeps invariant
at mf = 0, since C
(~qj)
f changes only if its corresponding
gap parameter becomes zero. Therefore, the asymptotic
behavior in the derivative of the Hall conductance can be
expressed as
lim
mf→0
dCneq
dmf
∼
lim
mf→0−
Cf (mf )− lim
mf→0+
Cf (mf )
2|mi| ln |mf |.
(103)
Eq. (103) is equivalent to Eq. (84). Note that the gap
parameter mi/f is just
(
Mi/f −M ci/f
)
defined in the
Dirac model, the Haldane model, and the Kitaev model.
We thus prove that the nonanalytic behavior of the Hall
conductance found in these three models is universal in
a generic two-band Chern insulator. The quench-state
Hall conductance is a continuous function of the gap pa-
rameter in the post-quench Hamiltonian. Its derivative is
logarithmically divergent as the gap parameter becomes
zero. The prefactor of the logarithm is the ratio of the
change of the Chern number for the ground state of the
post-quench Hamiltonian to the energy gap in the initial
state. The Hall conductance is nonanalytic only at the
gap closing points where the Chern number changes.
Up to now, we only considered the lowest order expan-
sion of the coefficient vector in the calculation of C
(~q)
neq.
To finish our proof, we will show that the higher-order
terms in the expansion do not affect the continuity of
C
(~q)
neq and have no contribution to the asymptotic behav-
ior of dC
(~q)
neq/dmf in the limit mf → 0.
Let us consider the second order term in the expan-
sion of d3~k (see Eq. (91)). Without loss of generality, we
suppose it to be Ω = b3x∆k
2
x + b3y∆k
2
y + b3m∆kx∆ky
with b3x, b3y and b3m denoting the free parameters. We
recalculate the integrand in the expression of C
(~q)
neq (see
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Eq. (96)). For the denominator we obtain
(
df~k
)4
=
[
m2f +
2∑
j=1
(ajx∆kx + ajy∆ky)
2
+ 2mf
(
b3x∆k
2
x + b3y∆k
2
y + b3m∆kx∆ky
)
+O(∆k4)
]2
.
(104)
For the numerator we obtain
nu. =(a1xa2y − a2xa1y)
×
[
mim
2
f +mf
2∑
j=1
(ajx∆kx + ajy∆ky)
2
+m2f
(
b3x∆k
2
x + b3y∆k
2
y + b3m∆kx∆ky
)
+O(∆k4)
]
.
(105)
Since the integral is over an infinitesimal neighborhood
of ~q, the fourth order terms O(∆k4) in numerator and
denominator of the integrand can be neglected. The ad-
ditional second order term in
(
df~k
)4
that comes from Ω
is proportional to mf . Therefore, it is much smaller than
the other second order terms in the limitmf → 0 and can
be neglected in the study of the nonanalyticity atmf = 0.
For the numerator, the additional second order term com-
ing from Ω is proportional to m2f and then can be ne-
glected, since the other second order terms in the numer-
ator is proportional to mf . A more precise argument can
be obtained by replacing
∑2
j=1 (ajx∆kx + ajy∆ky)
2 by
∆k′2 and replacing Ω by b∆k′2 both in numerator and
denominator of the integrand. After this replacement,
the integral can be worked out. It is then straightforward
to verify that Ω does not change the continuity of C
(~q)
neq
or the asymptotic behavior of dC
(~q)
neq/dmf . Furthermore,
in the power series of d3~k, the terms of order higher than
two contribute to numerator or denominator of the inte-
grand the corrections which are at least of order three.
These corrections can be neglected for an infinitesimal
domain of integration.
Next we consider the higher-order terms in d1~k or d2~k.
The terms of order higher than one contribute to the
denominator of the integrand a correction O(∆k3). At
the same time, the terms of order higher than three con-
tribute to the numerator a correctionO(∆k3). Therefore,
the terms of order higher than three in d1~k or d2~k can be
neglected. The second and third order terms in d1~k or d2~k
contribute to the numerator a linear term and a second
order term that is proportional to m2f . The latter can be
neglected due to the same reason mentioned above. Fi-
nally, the linear term in the numerator is antisymmetric
under ∆kα → −∆kα. The integral of an antisymmetric
function over a circle must be zero. Hence, the terms
of order higher than one in d1~k or d2~k can be neglected.
Thereby, we finished our proof. Both the Chern number
for the ground state and the nonanalyticity of the Hall
conductance for the quenched state are only determined
by the lowest order expansion of the coefficient vector at
the singularities.
Finally, it is worth emphasizing that the asymptotic
behavior of dCneq/dmf depends only upon the change
of the Chern number at mf = 0 and the energy gap in
the initial state. The universal nonanalytic behavior of
the Hall conductance is related to the conic structure of
the spectrum at the singularities. It is topologically pro-
tected in the sense that it is independent of the detail of
the model. Therefore, even if we only consider the non-
interacting model in the absence of disorder in the above
argument, the nonanalytic behavior of the Hall conduc-
tance should not be changed by weak interaction or weak
disorder. But the Chern number in Eq. (103) is not
well-defined in the presence of the interaction between
particles. It is then necessary to find a more generic
topological invariant instead of Cf . This generic topo-
logical invariant is argued to be the winding number of
the Green’s function in next section.
VI. TOPOLOGICAL INVARIANT FOR THE
QUENCHED STATE
Now we are prepared to discuss which is the
experimentally-relevant topological invariant for the
quenched state of a Chern insulator. A naive idea of
defining the topological invariant for a quenched state is
to use the Chern number of the unitarily-evolving wave
function. It is defined as
C(t) =
i
2π
∑
α∈oc
∫
d~k2
(〈
∂u~kα(t)
∂kx
∣∣∣∣ ∂u~kα(t)∂ky
〉
−H.c.
)
.
(106)
C(t) is a straightforward extension of the Chern num-
ber for the ground state given by Eq. (2) in which the
eigenstate |u~kα〉 is replaced by the evolving single-particle
state |u~kα(t)〉. The sum of α is over the occupied bands
in the initial state. C(t) is well-defined for a noninter-
acting model in which the evolution of different single-
particle states is independent of each other. But C(t)
keeps invariant after a quench, being independent of the
post-quench Hamiltonian Hˆf
4–6. Therefore, one cannot
use C(t) to explain the nonequilibrium phase transition
in the quenched states, which is indicated by the nonan-
alyticity of the Hall conductance as Hˆf changes.
It has been shown that the Chern number Cf for the
ground state of the post-quench Hamiltonian can be used
as the topological invariant for the quenched state. It is
experimentally relevant in the sense that the nonequi-
librium phase transition is always accompanied by the
change of Cf and vice versa. The change of Cf also
determines the asymptotic behavior of the derivative of
the Hall conductance at the transition. But Cf is not
well-defined in the presence of interaction. On the other
hand, it is well known that the winding number of the
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Green’s function W is equal to the Chern number for
the ground states34. Next we will show that, for the
quenched states in a noninteracting model, W in fact
equals the Chern number Cf , being independent of the
initial state. Since W is also well-defined in the presence
of interaction, it serves as a more generic topological in-
variant for the quenched state. We notice that W was
already employed to describe the topological property of
the quenched state in a topological superfluid8.
The textbook definition of the retarded Green’s func-
tion after a quench is
Grj,j′ (
~k, t, t′) = −iθ(t−t′) 〈Ψ(0)| {cˆ~kj(t), cˆ†~kj′(t
′)}+ |Ψ(0)〉 ,
(107)
where |Ψ(0)〉 denotes the initial state, cˆ~kj with j =
1, 2, · · · , N denotes the fermionic operator in the origi-
nal basis of the Hamiltonian (1), and {}+ denotes the
anticommutator. The Green’s function in frequency-
momentum space is obtained by a Fourier transformation
as
Grj,j′(ω,
~k) =
∫ ∞
−∞
d(t− t′)eiω(t−t′)Grj,j′ (~k, t, t′). (108)
Note that t, t′ > 0 must be larger than the time when
the quench is performed. The domain of the Green’s
function can be extended to imaginary frequency by an-
alytic continuation. Let us use Gr to denote the N -by-N
Green’s function matrix with the elements Grj,j′ (iω,
~k).
The winding number is then defined as34,35
W =
1
24π2
∫ ∞
−∞
dω
∫
d~k2
× ǫαβγTr
[
Gr−1
∂Gr
∂kα
Gr−1
∂Gr
∂kβ
Gr−1
∂Gr
∂kγ
]
,
(109)
where ǫαβγ is the Levi-Civita symbol with α, β, γ =
0, 1, 2, and k0 = ω, k1 = kx and k2 = ky. G
r−1 is the
inverse of Gr.
In Eq. (107), the time-dependent operators are de-
fined as cˆ~kj(t) = e
iHˆf tcˆ~kje
−iHˆf t. In the absence of in-
teraction, the post-quench Hamiltonian Hˆf is quadratic.
cˆ~kj(t) must be a linear combination of cˆ~kj′ with j
′ =
1, 2, · · · , N . Therefore, {cˆ~kj(t), cˆ†~kj′ (t
′)}+ is in fact a
number instead of an operator. The Green’s function
is then independent of the initial state |Ψ(0)〉, so is the
winding number W . W depends only upon the post-
quench Hamiltonian Hˆf . W keeps invariant even if we
replace |Ψ(0)〉 by the ground state of Hˆf . Therefore, W
must equal the Chern number Cf for the ground state of
Hˆf
34.
We reexpress the asymptotic behavior of the derivative
of the Hall conductance by using W as
lim
mf→0
dCneq
dmf
∼
lim
mf→0−
W (mf )− lim
mf→0+
W (mf )
2|mi| ln |mf |.
(110)
We expect that Eq. (110) also stands in the presence of
weak interaction. Moreover, 2 |mi| and 2 |mf | in the for-
mula denote the energy gap of Hˆi and Hˆf , respectively,
which are well-defined even in the presence of interaction.
The change of the winding number determines the nonan-
alyticity of the Hall conductance at the gap closing point
of Hˆf . Whether there is a nonequilibrium phase tran-
sition in the quenched state is uniquely determined by
whether the winding number changes. In this sense, the
nonequilibrium phase transition is topologically driven.
And the winding number is the experimentally-relevant
topological invariant for the quenched state.
VII. CONCLUSIONS
In summary, the Hall conductance of a quenched state
in the long time limit is calculated by applying the lin-
ear response theory to the diagonal ensemble. In the
eigenbasis of the post-quench Hamiltonian, the diagonal
ensemble is obtained by neglecting all the off-diagonal
elements in the initial density matrix. The quench-state
Hall conductance can be expressed as the integral of the
Berry curvature weighted by the nonequilibrium distri-
bution of particles (see Eq. (12)). It is not quantized in
general, but can take an arbitrary value.
The Hall conductance as a function of the gap pa-
rameter mf in the post-quench Hamiltonian Hˆf displays
a universal nonanalytic behavior in a generic two-band
Chern insulator. The examples include the Dirac model,
the Haldane model, and the Kitaev honeycomb model
in the fermionic basis. The Hall conductance is contin-
uous everywhere. But its derivative with respect to mf
is logarithmically divergent in the limit mf → 0 (the
energy gap of Hˆf is 2 |mf |), if the winding number of
the Green’s function for the quenched state W changes
at mf = 0. The prefactor of the logarithm is the ra-
tio of the change of W to the energy gap in the initial
state (see Eq. (110)). The nonanalyticity of the Hall
conductance indicates a topologically driven nonequilib-
rium phase transition. The topological invariant for the
quenched state is the winding number W .
The Hamiltonian of a two-band Chern insulator in mo-
mentum space can be decomposed into the linear combi-
nation of Pauli matrices. The nonanalyticity of the Hall
conductance depends only upon the lowest order expan-
sion of the coefficients of Pauli matrices at the singular-
ities in the Brillouin zone. Singularities are defined as
momenta where the energy gap closes at mf = 0.
The Haldane model has been realized in an optical lat-
tice recently30. A system of cold atoms is well isolated
from the environment. The nonequilibrium distribution
of atoms in a quenched state survives for a long time. Our
prediction can therefore be checked in a system of cold
atoms. It is difficult to measure the Hall conductance di-
rectly in cold atoms. But the Hall conductance can also
be obtained from the Faraday rotation angle36, which
is correspondingly easier to measure in cold atoms. On
18
the other hand, in solid-state materials where the mea-
surement of Hall conductance is a standard technique,
the nonequilibrium distribution of electrons is difficult to
realize due to the fast relaxation process. A possible so-
lution is to periodically drive the system for keeping it
out of equilibrium. The time evolution of a periodically-
driven system is governed by a time-independent Floquet
Hamiltonian37. It was suggested that a Floquet Chern
insulator can be realized in graphene ribbons38,39. Due
to the similarity between the dynamics of a periodically-
driven quantum state and a quenched state40, we expect
that the techniques developed in this paper can also be
used to analyze the nonanalyticity of the Hall conduc-
tance in a Floquet Chern insulator.
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